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A permanent group is a group of nonsingular matrices on which the per- 
manent function is multiplicative. We shall construct an infinite class of finite 
cyclic permanent ,groups, the matrices of which have a different structure from 
that previously known. 
1. INTRODUCTION AND STATEMENT OF THE RESULT 
A permanent group G is a group of nonsingular matrices such that 
per(D) = per(A) per(B) for all A, B E G. It was conjectured by Marcus 
and Mint [4] that d, , the group of n x 12 matrices of the form PD, 
where P is a permutation matrix and D, a nonsingular diagonal matrix, 
is a maximal permanent group. This conjecture was verified by Beasley [l] 
for the field of complex numbers. Subsequently, Beasley and Cummings 
[2, 31 showed that when the underlying field is infinite of char 0 or p > n, 
every matrix in a permanent group must have the l-diagonal structure 
in the sense that it has exactly one diagonal with all entries nonzero, 
e.g., a triangular matrix. The question was left open for p < n. 
The purpose of this note is to answer this question by showing that 
for p < n, the matrices in a permanent group need not have the l-diagonal 
structure. In fact, for each prime p 3 3, and for arbitrary field F of char p, 
we shall construct a cyclic permanent group (A,) of order 2p consisting 
of p x p matrices over F such that A, does not have the l-diagonal 
structure. 
We also construct a noncyclic permanent group, the matrices of which 
do not necessarily have the l-diagonal structure. 
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2. MAIN RESULT AND PROOF 
Let A, = J - Z be the n x n derangement matrix, where Z and J 
denote the identity matrix and the matrix with all entries equal to 1, 
respectively. Then per(A,) = D, , the derangement number of IZ objects. 
LEMMA 1. For all n, D, = (- 1)” (mod n). 
Proof. Since D, = n! {l/2! - l/3! + **. + (--I)” (l/n)) for all Iz 9 2, 
it is clear that D, z (- I>” (mod n) for all 12 as the case for n = 1 is trivial. 
LEMMA 2. For any positive integer k and any n 3 2, 
A”= n a,,,cJ + t-1)” 1, 
where 
01 - y (mel)i (;) nk-i-ls n,k - 
i=O 
ProoJ: We apply induction on k. For k = 1, A, = J - Z by definition. 
Suppose A,” = IX,,~J + (- 1)” Z for some k > 1, then 
Akfl 
n 
= (J - I) y (-l)i (;) r.+-lJ + (--1)‘j 
I i=O 
= 1;: (-l)i (;) nk-i + I$ (-l)i+l (f) nk+--l + (-I)‘1 J+ (-l)k+lz 
=r~(-1)‘(r)nk-‘+~~(--1)“(iYI)nk-’+(--I)kIJ+(-l)k+1Z 
= 
I( ) 
t nk + :$I (-I)( (” T ‘) nk-i + (-1)” (k k 1) i- C--1)‘/ J 
+ (- l)k+l z 
= i (-I)6 (” f ‘) IZ”-~J + (-l)L+l I= ay,,k+lJ + (-l)“+l 1. 
THEOREM. For each prime p > 3 and arbitrary jield F of char p, (A,) is 
a permanent group of order 2p. 
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Proof. Since char F = p, we get from Lemma 2 that for all k, 
A,” = (- l)“-l (k.l - I) and in particular, the order of A, is 2p. Being 
cyclic, (A,) is a permanent group iff per(ADk) = (per(A,))” for all k. 
We consider the p x p matrix M = yJ + (x - y) I; i.e., the matrix 
with x on the main diagonal and y elsewhere. It is easy to see that 
per(M) = &Y’ + (3 D,-,xY=-~ + -.. f (T) DD-rX7yP-r + . . . 
+( p P-2 1 D,xP-~Y~ + xpp. 
Putting x = k - 1 and y = k then yields 
per(Apk) = (- l)p(k-l) [D&p + (I;) D,-,(k - 1) kp-1 + ... 
+ (;) D&k - l)‘kp--? + a.. 
+( p 5 2) D,(k - I)P-2 k2 + (k - I) j. 
Since D, = - 1 (mod p) by Lemma 1, and since (,“) E 0 (mod p) for all 
r = 1, 2,..., p - 1, it follows that per(ADk) = (- I)k-l {( - 1) kp + (k - I)“}. 
Since kp = k (mod p) and (k - 1)” E k - 1 (modp) by Fermat’s theorem, 
we get per(ADk) = (- l)k-l (-k + k - 1) = (-l)k = (per(A,))” for all k. 
Remarks. (1) For each p >, 3, A, obviously does not have the 
1 -diagonal structure. 
(2) To find noncyclic permanent groups, the matrices of which do not 
necessarily have the l-diagonal structure, is a substantially more difficult 
problem. In the next section, we shall give one such example. 
3. EXAMPLE 
Let F be a field of char 3, and let 
(Incidentally, this is the de Bruijn-ErdGs matrix of order 3 [5, p. 631.) 
s8zalvl2-9 
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For convenience, we write A for A, and B for B3 . Then direct verifications 
show that 
per(B) = per(B3) = per(B5) = - 1, 
per(P) = per(B*) = 1 and B6 = I. 
Therefore, (B) is also a permanent group of order 6. Furthermore, 
and 
Now consider the abelian group G generated by A and B. It is easy to see 
that ( G 1 = 12 and G = (Z, A, B, AZ, A3, B3, A*, A5, B5, AB, AB3, AB5). 
To see that G is a permanent group, it suffices to show that 
per(AB) = per(A) per(B), per(AB3) = per(A) per(B3), 
and 
per(AB5) = per(A) per(B5). 
Since 
AB= [ 1 ;), AB3= [ ; I), AB5= E 8 8). 
we have per(AB) = per(AB3) = per(AB5) = 1. 
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